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Abstract  

The conception of the bipolar complex fuzzy set (BCFS) is one of the fundamental and significant modifications of 

the fuzzy set (FS) to tackle the tricky and awkward information. BCFS has a rich and wider structure and has been 

utilized in various fields. In this article, we introduce the concept of bipolar complex fuzzy (BCF) subalgebras 

(BCFSAs), BCF ideals (BCFIs) of a BCK/BCI-algebra along with certain properties. Further, we investigate the 

relations between BCFSA and a BCFI and a necessary condition for BCFSA to be a BCFI. We also investigate 

characterizations of BCFI. Moreover, we introduce the notion of equivalence relations on the collection of all BCFIs 

of BCK/BCI algebra and the associated properties of equivalence relations.  

Keywords: Bipolar complex fuzzy set; BCI/BCK algebra; bipolar complex fuzzy subalgebra/ideal. 

1. Introduction 

Every time the non-classical logic gets the benefits and rewards of the conventional logic when tackling the data 

in numerous parts of vagueness and ambiguity. These days non-conventional logic plays a significant role in 

computer science because it tackles the data containing fuzziness and vagueness. The conception of BCK/BCI-

algebras was investigated by Imai and Iseki (1965) and Iseki (1966) which is considered as the modification of 

propositional logic. Several people studied the concept of BCK/BCI-algebras and employed it in the environment 

of FS (Akram and Zhan, 2006; Meng, 2000). The structure of FS was explored by Zadeh in 1965 (Zadeh, 1965) in 

which the membership grade (MG) of elements span the range of [0, 1]. The MG shows how much an element is 

a part of the FS, if the MG is 1, then it implies that the element belongs entirely to the FS and if the MG is 0, then 

it implies that the element is not contained in the corresponding FS. Mordeson and Malik (1998) investigated fuzzy 

commutative algebra, and Dubois and Prade (1979) propounded fuzzy real algebra. The (𝜖, 𝜖𝑣 ɋ) and (𝛼, 𝛽) fuzzy 

subalgebras (FSA) in BCI/BCK-algebra was presented by Jun (2005; 2009). FSA of BE-algebras was investigated by 

Rezaei and Saeid (2011). Akram et al. (2007) explored fuzzy models of 𝐾(𝐺) algebras. The fuzzy ideals (FIs) of BCH-

algebra were given by Du and Liao (2007). Biswas (1990) investigated fuzzy subgroups and Liu (1982) presented 

fuzzy invariant subgroups. In the FS, it’s hard to indicate the distinction between the contradictory and irrelevant 
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elements and to express the country property of the element. Thus, Zhang (1994) presented the structure of 

bipolar FS (BFS) in which the positive MG (PMG) of elements span the range of [0, 1] and negative MG (NMG) of 

elements span the range of [−1, 0]. Akram et al. (2010) explored bipolar fuzzy (BF) K-algebras. Muhiuddin and Al-

Kadi (2021) investigated BF implicative ideals in BCK-algebras. Certain characteristics of doubt BF H-ideals in 

BCI/BCK-algebra were propounded by Al-Masarwah (2018). Muhiuddin (2014) described BF KU-ideals and 

subalgebras. Muhiuddin et al. (2020) presented novel sort of BF ideals (BFIs) of BCK-algebras. Kawila et al. (2018) 

explained BF UP-algebras. Lee and Jun (2011) investigated BF a-ideals of BCI-algebras. Jun et al. (2009) explored 

BF models of certain sorts of ideals in hyper BCK-algebras. Mahmood and Munir (2013) introduced BF subgroups.  

There are numerous modifications of the basic conception of FS and complex FS (CFS) is one of them, which 

was derived by Ramot et al (2022). In CFS, the MG contains both amplitude and phase terms of the elements 

belonging to [0, 1]. Afterward, Tamir et al. (2011) presented another form of CFS. Shagagha (2019) investigated 

complex fuzzy (CF) lie algebras. Jun and Xin (2019 proposed the application of CFSs in BCK/BCI algebra. Rasuli 

(2022) explored anti CF lie subalgebras. The other and most advanced modification of FS, BFS, and CFS, is BCFS, 

investigated by Mahmood and Ur Rehman (2022a) in which the PMG of elements belongs to the first quadrant 

and NMG of elements belongs to the third quadrant of the unit square. The structure of BCFS is a significant tool 

for tackling tricky and complicated information and generalizing various prevailing concepts. Due to the wide 

structure and importance of the BCFS, numerous scholars utilized it in various areas (Mahmood et al., 2021; 

Rehman et al., 2022; Mahmood and Ur Rehman, 2022b). Yang et al. (2022) introduced the conception of BCF 

subgroups.  

Keeping in view the significance and supremacy of the BCFS, in this study we are going to apply the conception 

of BCFS to the BCK/BCI-algebra. We investigate the conception of BCF subalgebras and BCF ideals of a BCI/BCK-

algebra along with associated properties. Moreover, we develop the relation among BCF subalgebra and BCF 

ideals and a necessary condition for BCFA to be a BCFI. We also investigate characterizations of BCFI. Further, we 

propound the conception of equivalence relations on the group of al BCF ideals of BCI/BCK-algebra along with 

associated properties. The underneath article is managed as, In Section 2, we recalled some fundamental notions 

related to BCK/BCI-algebra and the notion of BCFS. In Section 3, we investigated the concept of BCFSA and BCFI 

and their related results. The concluding remarks are portrayed in Section 4.  

2. Preliminaries  

In this Section, we are going to recall some fundamental notions related to BCK/BCI-algebra and the notion of 

BCFS. The conception of BCI/BCK-algebra is given by Iseki (1966) which has a significant part in the logical algebras 

and is widely studied by numerous scholars.   

Suppose that 𝔅(𝜏) is the collection of all algebras of type 𝜏 = (2, 0). BCI-algebra means the set (𝒬; ∗, 0) ∈ 𝔅(𝜏) 

which holds the underneath properties 

1. (((ɋ1 ∗ ɋ2) ∗ (ɋ1 ∗ ɋ3)) ∗ (ɋ3 ∗ ɋ2) = 0) (∀ ɋ1, ɋ2, ɋ3 ∈ 𝒬)  

2. ((ɋ1 ∗ (ɋ1 ∗ ɋ2) ∗ ɋ2) = 0) (∀ ɋ1, ɋ2 ∈ 𝒬) 

3. ((ɋ1 ∗ ɋ1) = 0) (∀ ɋ1 ∈ 𝒬) 

4. (ɋ1 ∗ ɋ2 = 0, ɋ2 ∗ ɋ1 = 0 ⇒ ɋ1 = ɋ2) (ɋ1, ɋ2 ∈ 𝒬)   

The BCI-algebra is known as BCK-algebra if it holds the underneath property  

5. (0 ∗ ɋ1 = 0) (∀ ɋ1 ∈ 𝒬) 

Every BCI/BCK algebra holds the underneath properties  

I. (ɋ1 ∗ 0 = 0) (∀ ɋ1 ∈ 𝒬) 

II. (ɋ1 ≤ ɋ2 ⇒ ɋ1 ∗ ɋ3 ≤ ɋ2 ∗ ɋ3, ɋ3 ∗ ɋ2 ≤ ɋ3 ∗ ɋ1) (∀ ɋ1, ɋ2, ɋ3 ∈ 𝒬) 

III. ((ɋ1 ∗ ɋ2) ∗ ɋ3 = (ɋ1 ∗ ɋ3) ∗ ɋ2) (∀ ɋ1, ɋ2, ɋ3 ∈ 𝒬) 
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IV. ((ɋ1 ∗ ɋ3) ∗ (ɋ2 ∗ ɋ3) ≤ ɋ1 ∗ ɋ2) (∀ ɋ1, ɋ2, ɋ3 ∈ 𝒬) 

where, ɋ1 ≤ ɋ2 iff ɋ1 ∗ ɋ2 = 0. Any subset 𝔇 of BCI/BCK-algebra 𝒬 is said to be a subalgebra of BCI/BCK-algebra 

𝒬 if ɋ1 ∗ ɋ2 ∈ 𝔇 ∀ ɋ1, ɋ2 ∈ 𝔇. A subset ℑ is said to be ideal for BCI/BCK-algebra 𝒬 if it contains 0  and if ɋ1 ∗ ɋ2 ∈

ℑ and ɋ2 ∈ ℑ, then ɋ1 ∈ ℑ. The ideal ℑ of BCI/BCK-algebra 𝒬 holds the underneath axiom  

ɋ1 ≤ ɋ2 and ɋ2 ∈ ℑ ⇒ ɋ1 ∈ ℑ 

An FS Θ in BCI/BCK-algebra 𝒬 is considered a fuzzy subalgebra of 𝒬 if ∀ ɋ1, ɋ2 ∈ 𝒬 

Θ(ɋ1 ∗ ɋ2) ≥ min(Θ(ɋ1), Θ(ɋ2)) 

An FS Θ in BCI/BCK-algebra 𝒬 is considered a fuzzy ideal of 𝒬 if ∀ ɋ1, ɋ2 ∈ 𝒬 

Θ(0) ≥ Θ(ɋ1) 

Θ(ɋ1) ≥ min(Θ(ɋ1 ∗ ɋ2), Θ(ɋ2)) 

The novel structure of BCFS was investigated by Mahmood and Ur Rehman (2022a), given as follow.  

The BCFS is of the underneath shape     

𝒢𝐵𝐶𝐹𝑆 = {(ɋ, (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ))) | ɋ ∈ 𝒴} = {(ɋ, (
Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ) + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ),

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ) + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ)
)) | ɋ ∈ 𝒬}  

where, Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (ɋ) simplifies the positive membership grade and Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ) simplifies the negative membership 

grade and Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ) ∈ [0, 1], Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ) ∈ [−1, 0]. For simplest in this study, we would 

consider the BCFS as 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ). 

3. BCF subalgebras and BCF ideals 

Here, we investigate the concept of BCFSA and BCFI and their related results. 𝒬 would be considered as BCK/BCI-

algebra in this study unless stated otherwise and 0 = (Θ0𝐵𝐶𝐹𝑆
𝑃 , Θ0𝐵𝐶𝐹𝑆

𝑁 ) = (Θ0𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ0𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ0𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ0𝐵𝐶𝐹𝑆

𝐼𝑁 ) 

means 0 = (0 + 𝜄 0, −0 − 𝜄 0) in this article.  

Definition 1: A BCFS 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) in 𝒬 is considered as 

BCF subalgebra (BCFSA) of 𝒬 if  ∀ ɋ1, ɋ2 ∈ 𝒬, the underneath holds  

1. Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (ɋ1 ∗ ɋ2) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (ɋ2)) which means that Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2) ≥

min(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2)) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) 

2. Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (ɋ1 ∗ ɋ2) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (ɋ2)) which means that Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1 ∗ ɋ2) ≤

max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2)) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1,ɋ2) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2))     

Example 1: Suppose a BCK-algebra 𝒬 = {0, ɋ1, ɋ2, ɋ3} with Cayley table (Table 1) interpreted as  

 

Table 1. Cayley Table of example 1 

* 0 ɋ1 ɋ2 ɋ3 

0 0 0 0 0 
ɋ1 ɋ1 0 0 ɋ1 
ɋ2 ɋ2 ɋ1 0 ɋ2 
ɋ3 ɋ3 ɋ3 ɋ3 0 

 

Now consider a BCFS 𝒢𝐵𝐶𝐹𝑆 in 𝒬 such as  

𝒢𝐵𝐶𝐹𝑆 = {(0, (
0, 8 + 𝜄 0.5,
−0.6 − 𝜄 0.4

)) , (ɋ1, (
0, 8 + 𝜄 0.5,
−0.6 − 𝜄 0.4

)) , (ɋ2, (
0, 5 + 𝜄 0.2,
−0.3 − 𝜄 0.1

)) , (ɋ3, (
0, 8 + 𝜄 0.5,
−0.6 − 𝜄 0.4

))} 

Then 𝒢𝐵𝐶𝐹𝑆 is a BCFSA of 𝒬.  
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Example 2: Suppose a BCI-algebra 𝒬 = {0, ɋ, ɋ1, ɋ2, ɋ3} with Cayley table (Table 2) interpreted as 

Table 2. Cayley Table of example 2 

* 0 ɋ ɋ1 ɋ2 ɋ3 

0 0 0 ɋ3 ɋ2 ɋ1 
ɋ ɋ 0 ɋ3 ɋ2 ɋ1 
ɋ1 ɋ1 ɋ1 0 ɋ3 ɋ2 
ɋ2 ɋ2 ɋ2 ɋ1 0 ɋ3 
ɋ3 ɋ3 ɋ3 ɋ2 ɋ1  0 

 

Now consider a BCFS 𝒢𝐵𝐶𝐹𝑆 in 𝒬 such as  

𝒢𝐵𝐶𝐹𝑆 =

{
 
 

 
 (0, (

0, 9 + 𝜄 0.6,
−0.55 − 𝜄 0.5

)) , (ɋ, (
0, 7 + 𝜄 0.55,
−0.5 − 𝜄 0.45

)) , (ɋ1, (
0, 4 + 𝜄 0.3,
−0.2 − 𝜄 0.3

)) ,

 (ɋ2, (
0, 4 + 𝜄 0.3,
−0.2 − 𝜄 0.3

)) , (ɋ3, (
0, 4 + 𝜄 0.3,
−0.2 − 𝜄 0.3

))
}
 
 

 
 

 

Then 𝒢𝐵𝐶𝐹𝑆 is a BCFSA of 𝒬. 

Proposition 1: Suppose a BCFS 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ), if 𝒢𝐵𝐶𝐹𝑆 is 

a BCFSA of 𝒬, then ∀ ɋ ∈ 𝒬 Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑃 (ɋ) which means that Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0) ≥

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ) and Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (ɋ) which means that Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ).  

Proof: Assume that ɋ ∈ 𝒬, then  

Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (0) = Θ𝒢𝐵𝐶𝐹𝑆

𝑃 (ɋ ∗ ɋ) ⇒ Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0) = Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ ∗ ɋ) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0) = Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ ∗ ɋ) 

⇒ Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ)) = Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ) and 

 Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ)) = Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ)  

⇒ Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑃 (ɋ) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (0) = Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ ∗ ɋ) ⇒ Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (0) = Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ ∗ ɋ) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (0) = Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ ∗ ɋ) 

⇒ Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (0) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ)) = Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ) and 

 Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (0) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ)) = Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ)  

⇒ Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ). 

Definition 2: Consider a BCFS 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ), then  

1. The set 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) = {ɋ ∈ 𝒬: Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ) ≥ 𝒻 and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ) ≥ ℊ} would be positive (𝒻, ℊ) −cut of 

𝒢𝐵𝐶𝐹𝑆, where 𝒻, ℊ ∈ [0, 1].  

2. The set 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) = {ɋ ∈ 𝒬: Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ) ≤ 𝒹 and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ) ≤ ℯ} would be negative (𝒹, ℯ) −cut of 

𝒢𝐵𝐶𝐹𝑆, where, 𝒹, ℯ ∈ [−1, 0]  

3. The set 𝔓𝔑(𝒢𝐵𝐶𝐹𝑆, ((𝒻, ℊ), (𝒹, ℯ))) = 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∩   𝔑 (Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) would be 

((𝒻, ℊ), (𝒹, ℯ)) −cut of 𝒢𝐵𝐶𝐹𝑆.  
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Theorem 1: For a BCFSA 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) of 𝒬, the 

underneath holds  

1.  ∀ 𝒻, ℊ ∈ [0, 1] 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ≠ ∅ ⇒ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) is a subalgebra of 𝒬. 

2. ∀ 𝒹, ℯ ∈ [−1, 0] 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) ≠ ∅ ⇒ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) is a subalgebra of 𝒬. 

Proof: As 𝒻, ℊ ∈ [0, 1] and 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ≠ ∅. If ɋ1, ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ 𝒻, 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1) ≥ ℊ, Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2) ≥ 𝒻, Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2) ≥ ℊ. Thus  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗ ɋ2) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) ≥ 𝒻 and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2)) ≥

ℊ ⇒ ɋ1,∗ ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) 

Hence 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) is a subalgebra of 𝒬. 

Now as 𝒹, ℯ ∈ [−1, 0] and 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) ≠ ∅. If ɋ1, ɋ2 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ 𝒹, 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1) ≤ ℯ, Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2) ≤ 𝒹, Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2) ≤ 𝒹. Thus  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1 ∗ ɋ2) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) ≤𝒹 and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1 ∗ ɋ2) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2)) ≤

ℯ ⇒ ɋ1,∗ ɋ2 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) 

Hence 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) is a subalgebra of 𝒬. 

Definition 3: A BCFS 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) in 𝒬 is considered as 

BCF ideal (BCFI) of 𝒬 if  ∀ ∀ ɋ1, ɋ2 ∈ 𝒬, the underneath holds  

1. Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑃 (ɋ) which means that Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ)  

2. Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ) which means that Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ)  

3. Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑃 (ɋ2)) which means that Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗

ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2)) 

4. Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆

𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑁 (ɋ2)) which means that Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1 ∗

ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2)) 

Example 3: Suppose a BCK-algebra 𝒬 = {0, ɋ1, ɋ2, ɋ3, ɋ4} with Cayley table (Table 3) interpreted as 

 

Table 3. Cayley Table of example 3 

∗ 0 ɋ1 ɋ2 ɋ3 ɋ4 

0 0 0 0 0 0 

ɋ1 ɋ1 0 ɋ1 0 0 

ɋ2 ɋ2 ɋ2 0 0 0 

ɋ3 ɋ3 ɋ3 ɋ3 0 0 

ɋ4 ɋ4 ɋ3 ɋ4 ɋ1  0 

 

Now consider a BCFS 𝒢𝐵𝐶𝐹𝑆 in 𝒬 such as  
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𝒢𝐵𝐶𝐹𝑆 =

{
 
 

 
 (0, (

0, 67 + 𝜄 0.5,
−0.7 − 𝜄 0.6

)) , (ɋ1, (
0, 34 + 𝜄 0.43,
−0.4 − 𝜄 0.5

)) , (ɋ2, (
0, 67 + 𝜄 0.5,
−0.7 − 𝜄 0.6

)) ,

 (ɋ3, (
0, 34 + 𝜄 0.43,
−0.4 − 𝜄 0.5

)) , (ɋ4, (
0, 34 + 𝜄 0.43,
−0.4 − 𝜄 0.5

))
}
 
 

 
 

 

Then 𝒢𝐵𝐶𝐹𝑆 is a BCFI of 𝒬. 

Proposition 2: Consider a BCFI 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) of 𝒬. If in 

𝒬, the inequality ɋ1 ∗ ɋ2 ≤ ɋ3 holds, then  

1. Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ3)) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ3)) 

2. Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3)) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3)) 

Proof:  

1. Assume that ɋ1, ɋ2, ɋ3 ∈ 𝒬 such that ɋ1 ∗ ɋ2 ≤ ɋ3, then (ɋ1 ∗ ɋ2) ∗ ɋ3 = 0. Thus,  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) 

≥ min (min(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 ((ɋ1 ∗ ɋ2) ∗ ɋ3), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) 

= min(min (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) 

= min ( Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ3)) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) 

≥ min (min(Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 ((ɋ1 ∗ ɋ2) ∗ ɋ3), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) 

= min(min (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) 

= min ( Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ3)) 

2. Assume that ɋ1, ɋ2, ɋ3 ∈ 𝒬 such that ɋ1 ∗ ɋ2 ≤ ɋ3, then (ɋ1 ∗ ɋ2) ∗ ɋ3 = 0. Thus,  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) 

≤ max (max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 ((ɋ1 ∗ ɋ2) ∗ ɋ3), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) 

= max (max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) 

= max ( Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ3)) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2)) 
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≤ max (max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 ((ɋ1 ∗ ɋ2) ∗ ɋ3), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2)) 

= max (max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3)) , Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2)) 

= max ( Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3)) 

Proposition 3: Consider a BCFI 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) of 𝒬. If in 

𝒬, the inequality ɋ1 ≤ ɋ2 holds, then  

1. Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2) 

2. Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2) and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2) 

Proof:  

1. Assume that ɋ1, ɋ2, ɋ3 ∈ 𝒬 such that ɋ1 ≤ ɋ2, then  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) 

= min(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2)) = Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) 

= min(Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2)) = Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2) 

2. Assume that ɋ1, ɋ2, ɋ3 ∈ 𝒬 such that ɋ1 ≤ ɋ2, then  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) 

= max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2)) = Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2)) 

= max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (0), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2)) = Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2) 

Theorem 2: Consider a BCK-algebra 𝒬, in 𝒬, each BCFI of 𝒬 is a BCFSA of 𝒬.  

Proof: Assume that 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) is a BCFI of BCK-

algebra of 𝒬. As ɋ1 ∗ ɋ2 ≤ ɋ1 ∀ ɋ1, ɋ2 ∈ 𝒬, thus by proposition (3)  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗ ɋ2) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) and  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1 ∗ ɋ2) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1 ∗ ɋ2) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) 

and from Def (3), we have  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗ ɋ2) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2)) 

≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2)) 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2)) 

≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2)) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1 ∗ ɋ2) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2)) 

≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2)) 
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Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1 ∗ ɋ2) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2)) 

≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2)) 

Therefore, 𝒢𝐵𝐶𝐹𝑆 is a BCFSA of 𝒬.  

Remark 1: The converse of the above Theorem usually does not hold.  

Example 4: Consider example 1 in which 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) is 

a BCFSA of 𝒬 but 𝒢𝐵𝐶𝐹𝑆 is not a BCFI of 𝒬 because  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2) = −0.3 > −0.6 = max (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2 ∗ ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1)) 

The following result would show with what condition a BCFSA can be a BCFI in BCK-algebra.  

Theorem 3: Suppose a BCFSA 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) of BCK-

algebra 𝒬 such that ∀ ɋ1, ɋ2, ɋ3 ∈ 𝒬 Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ3)) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) ≥

min(Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ3)), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3)) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) ≤

max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3)) holds and satisfies the inequality ɋ1 ∗ ɋ2 ≤ ɋ3, then 𝒢𝐵𝐶𝐹𝑆 is a BCFI of 𝒬.  

Proof: From Proposition (1) we have that ∀ ɋ ∈ 𝒬  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0) ≥ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ) and 

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (0) ≤ Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ) 

As ɋ1 ∗ (ɋ1 ∗ ɋ2) ≤ ɋ2 ∀ ɋ1, ɋ2 ∈ 𝒬, so by Proposition (2)  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2)) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) ≤ max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2)) 

This implies that 𝒢𝐵𝐶𝐹𝑆 is a BCFI of 𝒬.   

Theorem 4: Consider a BCFS 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) in 𝒬, then 

𝒢𝐵𝐶𝐹𝑆 is said to be BCFI of 𝒬 iff the  underneath holds  

1.  ∀ 𝒻, ℊ ∈ [0, 1] 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ≠ ∅ ⇒ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) is an ideal of 𝒬. 

2. ∀ 𝒹, ℯ ∈ [−1, 0] 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) ≠ ∅ ⇒ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) is an ideal of 𝒬. 

Proof: Let 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) be a BCFI of 𝒬 and 𝒻, ℊ ∈ [0, 1], 

𝒹, ℯ ∈ [−1, 0] such that 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ≠ ∅ and 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) ≠ ∅. 0 ∈  𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∩

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)). Suppose that ɋ1, ɋ2 ∈ 𝒬 such that ɋ1 ∗ ɋ2 ∈  𝔓 (Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) and ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) 

and suppose that ɋ3, ɋ4 ∈ 𝒬 such that ɋ3 ∗ ɋ4 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) and ɋ4 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)), then  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗ ɋ2) ≥ 𝒻, Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2) ≥ 𝒻, Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1 ∗ ɋ2) ≥ ℊ, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2) ≥ ℊ and  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3 ∗ ɋ4) ≤ 𝒹, Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ4) ≤ 𝒹, Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ3 ∗ ɋ4) ≤ ℯ, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ4) ≤ ℯ 

By Def (3) 

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2) ) ≥ 𝒻, 

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝐼 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝐼 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝐼 (ɋ2) ) ≥ ℊ 

and  
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Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ3 ∗ ɋ4), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ4) ) ≤ 𝒹, 

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝐼 (ɋ3) ≤ max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝐼 (ɋ3 ∗ ɋ4), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝐼 (ɋ4) ) ≤ ℯ 

⇒ ɋ1 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) and ɋ3 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)). Thus, 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) and 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) are 

ideals of 𝒬.  

Conversely, assume that conditions 1 and 2 are valid. Suppose that Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) = 𝒻, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1) = ℊ, 

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) = 𝒹, and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1) = ℯ, for any ɋ1 ∈ 𝒬, then ɋ1 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∩ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) ⇒ 

𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ≠ ∅ and 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) ≠ ∅. As 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) and 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) are ideals of 𝒬, 

0 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∩ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)). Thus, Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (0) ≥ 𝒻 = Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (0) ≥ ℊ =

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (0) ≤ 𝒹 = Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1) and Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (0) ≤ ℯ = Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ1) ∀ ɋ1 ∈ 𝒬. If ∃ ɋ1

′ , ɋ2
′ , ɋ3

′ , ɋ4
′ ∈ 𝒬 such 

that  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1

′ ) < min(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1

′ ∗ ɋ2
′ ), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2
′ )),  Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1
′ ) < min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1
′ ∗ ɋ2

′ ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2

′ )) 

and 

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3

′ ) > max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3

′ ∗ ɋ4
′ ), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ4
′ )),  Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3
′ ) > max(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3
′ ∗ ɋ4

′ ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ4

′ )) 

then by taking  

𝒻0 =
1

2
(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1
′ ) + min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1
′ ∗ ɋ2

′ ), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2

′ ))) 

ℊ0 =
1

2
(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1
′ ) + min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1
′ ∗ ɋ2

′ ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2

′ ))) 

and  

𝒹0 =
1

2
(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ3
′ ) + max(Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ3
′ ∗ ɋ4

′ ), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ4

′ ))) 

ℯ0 =
1

2
(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3
′ ) + max(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ3
′ ∗ ɋ4

′ ), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ4

′ ))) 

We have  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1

′ ) < 𝒻0 < min(Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1

′ ∗ ɋ2
′ ), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ2
′ )) 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1

′ ) < ℊ0 < min(Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1

′ ∗ ɋ2
′ ), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2
′ )) 

and  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3

′ ) > 𝒹0 > max (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ3

′ ∗ ɋ4
′ ), Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ4
′ )) 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ3

′ ) > ℯ0 > max (Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ3

′ ∗ ɋ4
′ ), Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ4
′ )) 

Thus, ɋ1
′ ∉ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻0, ℊ0)), ɋ1
′ ∗ ɋ2

′ ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻0, ℊ0)), ɋ2

′ ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻0, ℊ0)), ɋ3

′ ∉

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹0, ℯ0)), ɋ3

′ ∗ ɋ4
′ ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹0, ℯ0)), ɋ4
′ ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (𝒹0, ℯ0)) which is a contradiction and 

therefore, 𝒢𝐵𝐶𝐹𝑆 is BCFI of 𝒬.  

Corollary 1: For a BCFI 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) of 𝒬, the 

intersection of a non-empty (𝒻, ℊ) −cut and a non-empty (𝒹, ℯ) −cut of 𝒢𝐵𝐶𝐹𝑆 is an ideal of 𝒬.  

Remarks 2:   

1. The union of a non-empty (𝒻, ℊ) −cut and a non-empty (𝒹, ℯ) −cut of 𝒢𝐵𝐶𝐹𝑆 may not be an ideal of 𝒬 

Example 5: Suppose a BCI-algebra 𝒬 = {0, ɋ1, ɋ2, ɋ3} with Cayley table (Table 4) interpreted as  
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Table 4. Cayley Table of example 5 

* 0 ɋ1 ɋ2 ɋ3 

0 0 ɋ1 ɋ2 ɋ3 

ɋ1 ɋ1 0 ɋ3 ɋ2 

ɋ2 ɋ2 ɋ3 0 ɋ1 

ɋ3 ɋ3 ɋ2 ɋ1 0 

 

Suppose a BCFS in 𝒬 as     

𝒢𝐵𝐶𝐹𝑆 = {(0, (
0, 6 + 𝜄 0.4,
−0.8 − 𝜄 0.5

)) , (ɋ1, (
0, 5 + 𝜄 0.3,
−0.4 − 𝜄 0.3

)) , (ɋ2, (
0, 4 + 𝜄 0.2,
−0.6 − 𝜄 0.4

)) , (ɋ3, (
0, 4 + 𝜄 0.2,
−0.3 − 𝜄 0.1

))} 

Then,  

𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) =

{
 

 
∅            𝑖𝑓 0.6 < 𝒻 ≤ 1, 𝑎𝑛𝑑 0.4 < ℊ ≤ 1          
{0}          𝑖𝑓 0.5 < 𝒻 ≤ 0.6, 𝑎𝑛𝑑 0.3 < ℊ ≤ 0.4      
{0, ɋ1}     𝑖𝑓 0.4 < 𝒻 ≤ 0.5, 𝑎𝑛𝑑 0.2 < ℊ ≤ 0.3        
𝒬            𝑖𝑓 0 ≤ 𝒻 ≤ 0.4, 𝑎𝑛𝑑 0 ≤ ℊ ≤ 0.2,             

 

and 

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) =

{
 

 
∅            𝑖𝑓 − 1 ≤ 𝒹 < −0.8, 𝑎𝑛𝑑 − 1 ≤ ℯ < −0.5          
{0}          𝑖𝑓 − 0.8 ≤ 𝒹 < −0.6, 𝑎𝑛𝑑 − 0.5 ≤ ℯ < −0.4      
{0, ɋ2}     𝑖𝑓 − 0.6 ≤ 𝒹 < −0.4, 𝑎𝑛𝑑 − 0.4 ≤ ℯ < −0.1        
𝒬            𝑖𝑓 − 0.4 ≤ 𝒹 < 0, 𝑎𝑛𝑑 − 0.1 ≤ ℯ < 0,                    

 

It is clear from Theorem (4) that 𝒢𝐵𝐶𝐹𝑆 is a BCFI of 𝒬. But 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (0.5, 0.4)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−0.6,−0.4)) =

{0, ɋ1} ∪ {0, ɋ2} = {0, ɋ1, ɋ2} and not a BCFI of 𝒬 because ɋ3 ∗ ɋ1 = ɋ2 ∈ {0, ɋ1, ɋ2} but ɋ3 ∉ {0, ɋ1, ɋ2}.  

2. If 𝒹 = −𝒻 and ℯ = −ℊ, then also the union of a non-empty 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) and a non-empty 

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻,−ℊ)) of 𝒢𝐵𝐶𝐹𝑆 is not an ideal of 𝒬.    

Example 6 Suppose a BCI-algebra 𝒬 = {0, 1, ɋ1, ɋ2, ɋ3} with Cayley table (Table 5) interpreted as 

 

Table 5. Cayley Table of example 6 

∗ 0 1 ɋ1 ɋ2 ɋ3 

0 0 0 ɋ1 ɋ2 ɋ3 

1 1 0 ɋ1 ɋ2 ɋ3 

ɋ1 ɋ1 ɋ1 0 ɋ3 ɋ2 

ɋ2 ɋ2 ɋ2 ɋ3 0 ɋ1 

ɋ3 ɋ3 ɋ3 ɋ2 ɋ1  0 

 

Suppose a BCFS in 𝒬 as     

𝒢𝐵𝐶𝐹𝑆 =

{
 
 

 
 (0, (

0, 9 + 𝜄 0.6,
−0.6 − 𝜄 0.5

)) , (1, (
0, 7 + 𝜄 0.4,
−0.6 − 𝜄 0.5

)) , (ɋ1, (
0, 4 + 𝜄 0.3,
−0.3 − 𝜄 0.2

)) ,

(ɋ2, (
0, 2 + 𝜄 0.1,
−0.4 − 𝜄 0.3

)) , (ɋ3, (
0, 2 + 𝜄 0.1,
−0.3 − 𝜄 0.2

))
}
 
 

 
 

 

Then,  

𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) =

{
 
 

 
 
∅               𝑖𝑓 0.9 < 𝒻 ≤ 1, 𝑎𝑛𝑑 0.6 < ℊ ≤ 1            
{0}              𝑖𝑓 0.7 < 𝒻 ≤ 0.9, 𝑎𝑛𝑑 0.4 < ℊ ≤ 0.6      
{0, 1}          𝑖𝑓 0.4 < 𝒻 ≤ 0.7, 𝑎𝑛𝑑 0.3 < ℊ ≤ 0.4      
{0,1, ɋ1}     𝑖𝑓 0.2 < 𝒻 ≤ 0.4, 𝑎𝑛𝑑 0.1 < ℊ ≤ 0.3        
𝒬                𝑖𝑓 0 ≤ 𝒻 ≤ 0.2, 𝑎𝑛𝑑 0 ≤ ℊ ≤ 0.1,             
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and 

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) =

{
 

 
∅            𝑖𝑓 − 1 ≤ 𝒹 < −0.6, 𝑎𝑛𝑑 − 1 ≤ ℯ < −0.5          

{0, 1}          𝑖𝑓 − 0.6 ≤ 𝒹 < −0.4, 𝑎𝑛𝑑 − 0.5 ≤ ℯ < −0.3      
{0, 1, ɋ2}     𝑖𝑓 − 0.4 ≤ 𝒹 < −0.3, 𝑎𝑛𝑑 − 0.3 ≤ ℯ < −0.2        
𝒬            𝑖𝑓 − 0.3 ≤ 𝒹 < 0, 𝑎𝑛𝑑 − 0.2 ≤ ℯ < 0,                    

 

It is clear from Theorem (4) that 𝒢𝐵𝐶𝐹𝑆 is a BCFI of 𝒬. But 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (0.4, 0.3)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−0.4,−0.3)) =

{0,1, ɋ1} ∪ {0,1, ɋ2} = {0,1, ɋ1, ɋ2} and not a BCFI of 𝒬 because ɋ3 ∗ ɋ1 = ɋ2 ∈ {0, 1, ɋ1, ɋ2} but ɋ3 ∉ {0, ɋ1, ɋ2}.  

Theorem 5: If 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) is a BCFI of 𝒬 such that ∀ ɋ ∈

𝒬,  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ) + Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ) ≥ 0 and Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ) + Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ) ≥ 0                  (1)  

then, the union of a non-empty (𝒻, ℊ) −cut and a non-empty (−𝒻,−ℊ) −cut (i.e. 𝒹 = −𝒻, ℯ = −ℊ) of 𝒢𝐵𝐶𝐹𝑆 is 

an ideal of 𝒬. 

Proof: Suppose 𝒻, ℊ ∈ [0, 1] and as 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ≠ ∅ and 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−𝒻,−ℊ)) ≠ ∅, are the ideal of 𝒬 

by employing Theorem (4). Thus, 0 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∩ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−𝒻,−ℊ)). Suppose that ɋ1, ɋ2 ∈ 𝒬 such 

that ɋ1 ∗ ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−𝒻,−ℊ)) and ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−𝒻,−ℊ)). 

From this, we get the four cases  

i. ɋ1 ∗ ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) and ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) 

ii. ɋ1 ∗ ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) and ɋ2 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−𝒻,−ℊ)) 

iii. ɋ1 ∗ ɋ2 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻, −ℊ)) and ɋ2 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) 

iv. ɋ1 ∗ ɋ2 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻, −ℊ)) and ɋ2 ∈ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆

𝑁 , (−𝒻,−ℊ)) 

(𝑖) implies that ɋ1 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ⊆ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻, −ℊ)), (iv) implies that ɋ1 ∈

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻,−ℊ)) ⊆ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻,−ℊ)). For (ii), we have  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1 ∗ ɋ2) ≥ 𝒻, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2) ≥ ℊ and Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2) ≤ −𝒻, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ2) ≤ −ℊ  

So from Def (3) and Eq. (1), we have  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), −Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ2)) ≥ 𝒻 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2), −Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ2)) ≥ ℊ 

⇒ ɋ1 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ⊆ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻,−ℊ)) 

now (iii) implies that  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ1 ∗ ɋ2) ≤ −𝒻, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1 ∗ ɋ2) ≤ −ℊ and Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2) ≥ 𝒻, Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ2) ≥ ℊ  

So from Def (3) and Eq. (1), we have  

Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ1) ≥ min (Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) ≥ min (−Θ𝒢𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ2)) ≥ 𝒻 

Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ1) ≥ min(Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) ≥ min(−Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ1 ∗ ɋ2), Θ𝒢𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ2)) ≥ ℊ 

⇒ ɋ1 ∈ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) ⊆ 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) ∪ 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻,−ℊ)). Thus, 𝔓(Θ𝒢𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) ∪

𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (−𝒻,−ℊ)) is an ideal of 𝒬.  

Suppose that 𝐵𝐶𝐹𝐼(𝒬) is the group of all BCFIs of 𝒬, 𝒻, ℊ ∈ [0, 1] and 𝒹, ℯ ∈ [−1, 0], then we introduce binary 

relations ℜ𝑃𝒻,ℊ and ℜ𝑁𝒹,ℯ on 𝐵𝐶𝐹𝐼(𝒬) as  
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(𝒢𝐵𝐶𝐹𝑆−1, 𝒢𝐵𝐶𝐹𝑆−2) ∈ ℜ𝑃
𝒻,ℊ ⟺𝔓(Θ𝒢𝐵𝐶𝐹𝑆−1

𝑃 , (𝒻, ℊ)) = 𝔓(Θ𝒢𝐵𝐶𝐹𝑆−2
𝑃 , (𝒻, ℊ)) 

(𝒢𝐵𝐶𝐹𝑆−1, 𝒢𝐵𝐶𝐹𝑆−2) ∈ ℜ𝑁
𝒹,ℯ ⟺𝔑(Θ𝒢𝐵𝐶𝐹𝑆−1

𝑁 , (𝒹, ℯ)) = 𝔑(Θ𝒢𝐵𝐶𝐹𝑆−2
𝑁 , (𝒹, ℯ)) 

respectively, ∀ 𝒢𝐵𝐶𝐹𝑆−1 = (Θ𝒢𝐵𝐶𝐹𝑆−1
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−1

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆−1
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−1

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−1
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−1

𝐼𝑁 ) and 𝒢𝐵𝐶𝐹𝑆−2 =

(Θ𝒢𝐵𝐶𝐹𝑆−2
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−2

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆−2
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−2

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−2
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−2

𝐼𝑁 ) ∈ 𝐵𝐶𝐹𝐼(𝒬). Obviously, ℜ𝑃𝒻,ℊ and ℜ𝑁𝒹,ℯ 

are equivalence relations on 𝐵𝐶𝐹𝐼(𝒬). For 𝒢𝐵𝐶𝐹𝑆−1 = (Θ𝒢𝐵𝐶𝐹𝑆−1
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−1

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆−1
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−1

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−1
𝑅𝑁 +

𝜄 Θ𝒢𝐵𝐶𝐹𝑆−1
𝐼𝑁 ) ∈ 𝐵𝐶𝐹𝐼(𝒬), suppose that  [𝒢𝐵𝐶𝐹𝑆−1]ℜ𝑃𝒻,ℊ([𝒢𝐵𝐶𝐹𝑆−1]ℜ𝑁𝒹,ℯ) is an equivalence class of 𝒢𝐵𝐶𝐹𝑆−1 modular 

ℜ𝑃𝒻,ℊ(ℜ𝑁𝒹,ℯ). Further, we would signify the collection of all equivalence classes modular ℜ𝑃𝒻,ℊ(ℜ𝑁𝒹,ℯ) by 

𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑃𝒻,ℊ(𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑁𝒹,ℯ) i.e.  

𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑃𝒻,ℊ = {[𝒢𝐵𝐶𝐹𝑆−1]ℜ𝑃𝒻,ℊ  | 𝒢𝐵𝐶𝐹𝑆−1 ∈ 𝐵𝐶𝐹𝐼(𝒬)} 

𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑁𝒹,ℯ = {[𝒢𝐵𝐶𝐹𝑆−1]ℜ𝑁𝒹,ℯ  | 𝒢𝐵𝐶𝐹𝑆−1 ∈ 𝐵𝐶𝐹𝐼(𝒬)} 

Next, Suppose that the collection of all ideals of 𝒬 is signified by 𝐼𝑑𝑒𝑎𝑙(𝒬), define maps  

Γ(𝒻,ℊ): 𝐵𝐶𝐹𝐼(𝒬) → 𝐼𝑑𝑒𝑎𝑙(𝒬) ∪ {∅} by Γ(𝒻,ℊ)(𝒢𝐵𝐶𝐹𝑆) = 𝔓(Θ𝒢𝐵𝐶𝐹𝑆−1
𝑃 , (𝒻, ℊ)) 

and 

Γ(𝒹,ℯ): 𝐵𝐶𝐹𝐼(𝒬) → 𝐼𝑑𝑒𝑎𝑙(𝒬) ∪ {∅} by Γ(𝒹,ℯ)(𝒢𝐵𝐶𝐹𝑆) = 𝔑(Θ𝒢𝐵𝐶𝐹𝑆−2
𝑁 , (𝒹, ℯ)) 

∀ 𝒢𝐵𝐶𝐹𝑆 = (Θ𝒢𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆

𝐼𝑁 ) ∈ 𝐵𝐶𝐹𝐼(𝒬). Cleary Γ(𝒻,ℊ) and Γ(𝒹,ℯ) are 

well defined.   

Theorem 6: Let 𝒻, ℊ ∈ (0, 1] and 𝒹, ℯ ∈ [−1, 0), then maps Γ(𝒻,ℊ) and Γ(𝒹,ℯ) are surjective.  

Proof: Cleary a BCFS 0 = (Θ0𝐵𝐶𝐹𝑆
𝑃 , Θ0𝐵𝐶𝐹𝑆

𝑁 ) = (Θ0𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ0𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ0𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ0𝐵𝐶𝐹𝑆

𝐼𝑁 ) is a BCFI of 𝒬, where ∀ ɋ ∈

0, Θ0𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ) = Θ0𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ) = Θ0𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ) = Θ0𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ) = 0. Then  

Γ(𝒻,ℊ)(0) = 𝔓(Θ0𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) = ∅ 

and 

Γ(𝒹,ℯ)(0) = 𝔑(Θ𝒢𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) = ∅ 

now for any non-empty ℋ ∈ 𝐼𝑑𝑒𝑎𝑙(𝒬), suppose a BCFS 𝒢(ℋ)𝐵𝐶𝐹𝑆 = (Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑁 ) = (Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑅𝑃 +

𝜄 Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝐼𝑃 , Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑅𝑁 + 𝜄 Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝐼𝑁 ) in 𝒬, and  

Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑃 : 𝒬 → [0, 1] + 𝜄 [0, 1] defined as Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑃 = {
1 + 𝜄 1       𝑖𝑓 ɋ ∈ ℋ       
0 + 𝜄 0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒    

 

and 

Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑁 : 𝒬 → [−1, 0] + 𝜄 [−1, 0] defined as Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑁 = {
−1 − 𝜄 1       𝑖𝑓 ɋ ∈ ℋ       
−0 − 𝜄 0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒    

 

Then clearly 𝒢(ℋ) is a BCFI of 𝒬. Next, we have  

Γ(𝒻,ℊ)(𝒢(ℋ)) = 𝔓(Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑃 , (𝒻, ℊ)) = {ɋ ∈ 𝒬 | Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑅𝑃 (ɋ) ≥ 𝒻 & Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝐼𝑃 (ɋ) ≥ ℊ} 

= {ɋ ∈ 𝒬 | Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑅𝑃 (ɋ) = 1 & Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝐼𝑃 (ɋ) = 1} = ℋ 

and  

Γ(𝒹,ℯ)(𝒢(ℋ)) = 𝔑(Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑁 , (𝒹, ℯ)) = {ɋ ∈ 𝒬 | Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑅𝑁 (ɋ) ≤ 𝒹 & Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝐼𝑁 (ɋ) ≤ ℯ} 

{ɋ ∈ 𝒬 | Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑅𝑁 (ɋ) = −1 & Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝐼𝑁 (ɋ) = −1} = ℋ 

Thus, Γ(𝒻,ℊ) and Γ(𝒹,ℯ) are onto (surjective).  

Theorem 7: For every 𝒻, ℊ ∈ (0, 1] and 𝒹, ℯ ∈ [−1, 0), the quotient sets 𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑃𝒻,ℊ and 𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑁𝒹,ℯ  

are equipotent to 𝐼𝑑𝑒𝑎𝑙(𝒬) ∩ {∅}.  

Proof: Define two maps  
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Γ(𝒻,ℊ)
′ : 𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑃𝒻,ℊ  → 𝐼𝑑𝑒𝑎𝑙(𝒬) ∪ {∅} as Γ(𝒻,ℊ)

′ ([𝒢𝐵𝐶𝐹𝑆]ℜ𝑃𝒻,ℊ) = Γ(𝒻,ℊ)(𝒢𝐵𝐶𝐹𝑆) 

and 

Γ(𝒹,ℯ)
′ : 𝐵𝐶𝐹𝐼(𝒬)/ℜ𝑁𝒹,ℯ → 𝐼𝑑𝑒𝑎𝑙(𝒬) ∪ {∅} as Γ(𝒹,ℯ)

′ ([𝒢𝐵𝐶𝐹𝑆]ℜ𝑁𝒹,ℯ) = Γ(𝒹,ℯ)(𝒢𝐵𝐶𝐹𝑆) 

For 𝒻, ℊ ∈ (0, 1] and 𝒹, ℯ ∈ [−1, 0) and ∀ 𝒢𝐵𝐶𝐹𝑆 ∈ 𝐵𝐶𝐹𝐼(𝒬). Now each  𝒢𝐵𝐶𝐹𝑆−1 = (Θ𝒢𝐵𝐶𝐹𝑆−1
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−1

𝑁 ) =

(Θ𝒢𝐵𝐶𝐹𝑆−1
𝑅𝑃 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−1

𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−1
𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−1

𝐼𝑁 ) and 𝒢𝐵𝐶𝐹𝑆−2 = (Θ𝒢𝐵𝐶𝐹𝑆−2
𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−2

𝑁 ) = (Θ𝒢𝐵𝐶𝐹𝑆−2
𝑅𝑃 +

𝜄 Θ𝒢𝐵𝐶𝐹𝑆−2
𝐼𝑃 , Θ𝒢𝐵𝐶𝐹𝑆−2

𝑅𝑁 + 𝜄 Θ𝒢𝐵𝐶𝐹𝑆−2
𝐼𝑁 ) ∈ 𝐵𝐶𝐹𝐼(𝒬), if 𝔓(Θ𝒢𝐵𝐶𝐹𝑆−1

𝑃 , (𝒻, ℊ)) = 𝔓(Θ𝒢𝐵𝐶𝐹𝑆−2
𝑃 , (𝒻, ℊ)) and 

𝔑(Θ𝒢𝐵𝐶𝐹𝑆−1
𝑁 , (𝒹, ℯ)) = 𝔑(Θ𝒢𝐵𝐶𝐹𝑆−2

𝑁 , (𝒹, ℯ)), then (𝒢𝐵𝐶𝐹𝑆−1, 𝒢𝐵𝐶𝐹𝑆−2) ∈ ℜ𝑃
𝒻,ℊ and (𝒢𝐵𝐶𝐹𝑆−1, 𝒢𝐵𝐶𝐹𝑆−2) ∈ ℜ𝑁

𝒹,ℯ, 

thus [𝒢𝐵𝐶𝐹𝑆−1]ℜ𝑃𝒻,ℊ = [𝒢𝐵𝐶𝐹𝑆−2]ℜ𝑃𝒻,ℊ  and [𝒢𝐵𝐶𝐹𝑆−1]ℜ𝑁𝒹,ℯ = [𝒢𝐵𝐶𝐹𝑆−2]ℜ𝑁𝒹,ℯ . Consequently, Γ(𝒻,ℊ)
′  and Γ(𝒹,ℯ)

′  are 

one-one (injective). For non-empty ℋ ∈ 𝐼𝑑𝑒𝑎𝑙(𝒬), suppose a BCFS 𝒢(ℋ)𝐵𝐶𝐹𝑆 = (Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑃 , Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑁 ) =

(Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ𝒢(ℋ)𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝐼𝑁 ) in 𝒬 presented in Theorem (6), then  

Γ(𝒻,ℊ)
′ ([𝒢(ℋ)𝐵𝐶𝐹𝑆]ℜ𝑃𝒻,ℊ) = Γ(𝒻,ℊ)(𝒢(ℋ)𝐵𝐶𝐹𝑆) = 𝔓(Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) = ℋ 

and  

Γ(𝒹,ℯ)
′ ([𝒢(ℋ)𝐵𝐶𝐹𝑆]ℜ𝑁𝒹,ℯ) = Γ(𝒹,ℯ)(𝒢(ℋ)𝐵𝐶𝐹𝑆) = 𝔑(Θ𝒢(ℋ)𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) = ℋ 

Next, For BCFI 0 = (Θ0𝐵𝐶𝐹𝑆
𝑃 , Θ0𝐵𝐶𝐹𝑆

𝑁 ) = (Θ0𝐵𝐶𝐹𝑆
𝑅𝑃 + 𝜄 Θ0𝐵𝐶𝐹𝑆

𝐼𝑃 , Θ0𝐵𝐶𝐹𝑆
𝑅𝑁 + 𝜄 Θ0𝐵𝐶𝐹𝑆

𝐼𝑁 ), we have  

Γ(𝒻,ℊ)
′ ([0𝐵𝐶𝐹𝑆]ℜ𝑃𝒻,ℊ) = Γ(𝒻,ℊ)(0𝐵𝐶𝐹𝑆) = 𝔓(Θ0𝐵𝐶𝐹𝑆

𝑃 , (𝒻, ℊ)) = ∅ 

and  

Γ(𝒹,ℯ)
′ ([0𝐵𝐶𝐹𝑆]ℜ𝑁𝒹,ℯ) = Γ(𝒹,ℯ)(0𝐵𝐶𝐹𝑆) = 𝔑(Θ0𝐵𝐶𝐹𝑆

𝑁 , (𝒹, ℯ)) = ∅ 

Hence, Γ(𝒻,ℊ)
′  and Γ(𝒹,ℯ)

′  are surjective (onto) and the required proof is completed.  

4. Conclusion  

We developed this study by keeping in view the importance and significance of the BCFS theory as BCFS theory 

is one of the richest and most modified theories in the prevailing literature. This article contained the conception 

of BCFSAs and BCFIs of BCK/BCI-algebras with various properties. Also, this article contained the relations between 

BCFSA and a BCFI and a significant condition for BCFSA to be a BCFI. Furthermore, we proposed characterizations 

of BCFI in this study. At last, this study contained the conception of equivalence relations on the group of all BCFIs 

of BCK/BCI-algebra and the linked properties.  

In the future, we would like to employ the investigated work to some of the prevailing works like BCF soft sets 

(Mahmood et al, 2022), bipolar complex intuitionistic FSs (Al-Husban, 2022; Jan, 2022). 

References:  

Akram, M., & Zhan, J. (2006). On sensible fuzzy ideals of BCK-algebras with respect to a t-conorm. International 
journal of mathematics and mathematical sciences, 2006. 

Akram, M., Dar, K. H., Jun, Y. B., & Roh, E. H. (2007). Fuzzy structures of K (G)-algebra. Southeast Asian Bulletin of 
Mathematics, 31(4), 625-637. 

Akram, M., Saeid, A. B., Shum, K. P., & Meng, B. L. (2010). Bipolar fuzzy K-algebras. International Journal of Fuzzy 
Systems, 12(3), 252-258. 

Al-Husban, A. (2022). Bipolar Complex Intuitionistic Fuzzy Sets. Earthline Journal of Mathematical Sciences, 8(2), 
273-280. 

Al-Masarwah, A. M. (2018). On some properties of doubt bipolar fuzzy H-ideals in BCK/BCI-algebras. European 
journal of pure and applied mathematics, 11(3), 652-670. 

Biswas, R. (1990). Fuzzy subgroups and anti fuzzy subgroups. Fuzzy sets and systems, 35(1), 121-124. 



Journal of Decision Analytics and Intelligent Computing 3(1) (2023) 47-61 Mahmood and ur Rehman 

 60  
 

Du, J., & Liao, Z. (2007, August). _Generalized Fuzzy Ideals of BCH-Algebra. In Fourth International Conference on 
Fuzzy Systems and Knowledge Discovery (FSKD 2007), IEEE, 1, 294-299. 

Dubois, D., & Prade, H. (1979). Fuzzy real algebra: some results. Fuzzy sets and systems, 2(4), 327-348. 
Imai, Y., & Iséki, K. (1965). On axiom systems of propositional calculi. I. Proceedings of the Japan Academy, 41(6), 

436-439. 
Iséki, K. (1966). An algebra related with a propositional calculus. Proceedings of the Japan Academy, 42(1), 26-29. 
Jan, N., Maqsood, R., Nasir, A., Alhilal, M. S., Alabrah, A., & Al-Aidroos, N. (2022). A New Approach to Model 

Machine Learning by Using Complex Bipolar Intuitionistic Fuzzy Information. Journal of Function Spaces, 2022, 
3147321. 

Jun, Y. B. (2005). On (α, β)-fuzzy subalgebras of BCK/BCI-algebras. Bulletin of the Korean Mathematical Society, 
42(4), 703-711. 

Jun, Y. B. (2009). Generalizations of (∈,∈∨ q)-fuzzy subalgebras in BCK/BCI-algebras. Computers & Mathematics 
with Applications, 58(7), 1383-1390. 

Jun, Y. B., & Xin, X. L. (2019). Complex fuzzy sets with application in BCK/BCI-Algebras. Bulletin of the Section of 
Logic, 48(3), 173-185. 

Jun, Y. B., Kang, M. S., & Kim, H. S. (2009). Bipolar fuzzy structures of some types of ideals in hyper BCK-algebras. 
Scientiae Mathematicae Japonicae, 70(1), 109-121. 

Kawila, K., Udomsetchai, C., & Iampan, A. (2018). Bipolar fuzzy UP-algebras. Mathematical and Computational 
Applications, 23(4), 69. 

Lee, K. J., & Jun, Y. B. (2011). Bipolar fuzzy a-ideals of BCI-algebras. Communications of the Korean Mathematical 
Society, 26(4), 531-542. 

Liu, W. J. (1982). Fuzzy invariant subgroups and fuzzy ideals. Fuzzy sets and Systems, 8(2), 133-139. 
Mahmood, T., & Munir, M. (2013). On bipolar fuzzy subgroups. World Applied Sciences Journal, 27(12), 1806-

1811. 
Mahmood, T., & Ur Rehman, U. (2022a). A novel approach towards bipolar complex fuzzy sets and their 

applications in generalized similarity measures. International Journal of Intelligent Systems, 37(1), 535-567. 
Mahmood, T., & Ur Rehman, U. (2022b). A method to multi-attribute decision making technique based on Dombi 

aggregation operators under bipolar complex fuzzy information. Computational and Applied Mathematics, 
41(1), 1-23. 

Mahmood, T., Rehman, U. U., Ahmmad, J., & Santos-García, G. (2021). Bipolar complex fuzzy Hamacher 
aggregation operators and their applications in multi-attribute decision making. Mathematics, 10(1), 23. 

Mahmood, T., Rehman, U. U., Jaleel, A., Ahmmad, J., & Chinram, R. (2022). Bipolar complex fuzzy soft sets and 
their applications in decision-making. Mathematics, 10(7), 1048. 

Meng, B. L. (2000). Some results of fuzzy BCK-filters. Information Sciences, 130(1-4), 185-194. 
Mordeson, J. N., & Malik, D. S. (1998). Fuzzy commutative algebra. Singapore, New Jersey, London, Hong Kong: 

World scientific. 
Muhiuddin, G. (2014). Bipolar fuzzy KU-subalgebras/ideals of KU-algebras. Annals of Fuzzy Mathematics and 
Informatics, 8(3), 409-418. 
Muhiuddin, G., & Al-Kadi, D. (2021). Bipolar fuzzy implicative ideals of BCK-algebras. Journal of Mathematics, 2021, 

6623907. 
Muhiuddin, G., Al-Kadi, D., Mahboob, A., & Shum, K. P. (2020). New types of bipolar fuzzy ideals of BCK-algebras. 

International Journal of Analysis and Applications, 18(5), 859-875. 
Ramot, D., Milo, R., Friedman, M., & Kandel, A. (2002). Complex fuzzy sets. IEEE Transactions on Fuzzy Systems, 

10(2), 171-186. 
Rasuli, R. (2022). Anti complex fuzzy Lie subalgebras under S-norms. Mathematical Analysis and its Contemporary 

Applications, 4(4), 13-26. 
Rehman, U. U., Mahmood, T., Albaity, M., Hayat, K., & Ali, Z. (2022). Identification and Prioritization of DevOps 

Success Factors Using Bipolar Complex Fuzzy Setting With Frank Aggregation Operators and Analytical 
Hierarchy Process. IEEE Access, 10, 74702-74721. 



Journal of Decision Analytics and Intelligent Computing 3(1) (2023) 47-61 Mahmood and ur Rehman 

 61  
 

Rezaei, A., & Saeid, A. B. (2011). On fuzzy subalgebras of BE-algebras. Afrika Matematika, 22(2), 115-127. 
Shaqaqha, S. (2019). Complex fuzzy lie algebras. arXiv preprint arXiv:1905.01687. 
Tamir, D. E., Jin, L., & Kandel, A. (2011). A new interpretation of complex membership grade. International Journal 

of Intelligent Systems, 26(4), 285-312. 
Yang, X., Mahmood, T., & ur Rehman, U. (2022). Bipolar Complex Fuzzy Subgroups. Mathematics, 10(16), 2882. 
Zadeh, L. A. (1965). Fuzzy sets. Information and control, 8(3), 338-353. 
Zhang, W. R. (1994). Bipolar fuzzy sets and relations: a computational framework for cognitive modeling and 

multiagent decision analysis. In NAFIPS/IFIS/NASA'94. Proceedings of the First International Joint Conference 
of The North American Fuzzy Information Processing Society Biannual Conference. The Industrial Fuzzy Control 
and Intellige, IEEE, 305-309. 

 

 

 


